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Smoke Dispersion from Multiple Fire Plumes

Javier Trelles,¤ Kevin B. McGrattan,† and Howard R. Baum‡

National Institute of Standards and Technology, Gaithersburg, Maryland 20899

The effects of multiple � re plumes in a stably strati� ed atmosphere with a uniform wind are investigated.
A parabolized approximation of the steady-state Navier–Stokes equations obtained by replacing the windward
velocity component with the ambient wind speed is the basis of the model. Lagrangian particles are used to
visualize the � ow, account for atmospheric � uctuations, and determine the smoke concentration � eld. Multiple-
plume interactions can push particulate up to altitudes exceeding that of an equivalent single plume. A parametric
study based on separation and heat release rates is performed for two plumes. The most dramatic increases in
plume rise and spread are found for in-line plumes, parallel to the wind direction. Multiple-plume interactions can
yield nonuniformities in the smoke concentration � eld that differ substantially from that predicted by Gaussian
models.

Nomenclature
cp = speci� c heat coef� cient for air at constant pressure,

J/(kg ¢ K)
Oe j = unit vector in the j direction
FN = FN .¹; ¾ / is a normally distributed random function

with mean ¹ and standard deviation ¾
f = stretching factor
g = acceleration of gravity, 9.81 m/s2

g = acceleration of gravity vector, ¡g Oez , m/s2

H = total pressure head, Pa
h = mixing height, m
k = coef� cient of eddy thermal conductivity,W/(m ¢ K)
L = characteristic length, m
M = total particulate mass � ow rate, kg/s
Mi = particulate mass � ow rate for the i th � re, kg/s
N 2

0 = square of the Brunt–Väisälä frequency,
.g=µ0/.dµ0=dz/ D .g=T0/.dT0=dz C g=cp/, 1/s2

n = total number of particles
n f = number of � res
ni = number of particles in the i th plume
Pr = turbulent Prandtl number, ¹cp=k
p = pressure, Pa
Q = total heat release rate, W
Q i = heat release rate for the i th � re, W
Pq = heat release rate per unit volume, W/m3

R = universal gas constant, J/(kg ¢ K)
R j = Lagrangian correlation coef� cient for the j component

of velocity
Re = turbulent Reynolds number, f 2½V L=¹
r j = distance from the j -direction cell center, expressed

as a fractions of the cell dimensions
s = distance in the horizontal plane between � res, m
T = temperature, K
QT ¤
TOT = half-plane integral of the temperature � eld, de� ned as

QT ¤ dy¤ dz¤= dy¤ dz¤

t = time, s
U1 = ambient wind, m/s
u = x component of the velocity, m/s
u = velocity vector in the y– z plane (v; w), m/s
V = characteristicvelocity of the air in the crosswind

plane, m/s
v = y component of the velocity, m/s
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w = z component of the velocity, m/s
x = � rst Cartesian coordinate, m
x = position vector (x; y; z), m
y = second Cartesian coordinate, m
y¤

QT ¤ = the y moment of the temperature � eld, de� ned as
y¤ QT ¤ dy¤ dz¤= dy¤ dz¤

z = third Cartesian coordinate,m
z¤

QT ¤ = the z moment of the temperature � eld, de� ned as
z¤ QT ¤ dy¤ dz¤= dy¤ dz¤

¯ j = plume cross-sectionalhalf-width in the j direction, m
0 = lapse rate, ±C/km
"CFL = user-chosen stability tolerance
µ = potential temperature, T .p1=p/R=c p , K
¹ = coef� cient of eddy viscosity, kg/(m ¢ s)
½ = density, kg/m3

½p = smoke concentration,¹g/m3

¾v; ¾w = turbulent � uctuations for the v and w velocity
components, respectively,m/s

¾µ ; ¾Á = turbulent � uctuations in the y and z directions,
respectively

¿ = atmospheric relaxation time, s
! = vorticity, x component, 1/s
! = vorticity vector, 1/s
r = gradient in the y–z plane, 1/m

Subscripts

p = referring to particulate quantities
0 = quantity that only depends on z
1 = ground level, ambient condition

Superscripts

0 = initial distribution for a computational variable
» = perturbationquantity
¢ = quantity per unit time
¤ = dimensionless variable
0 = turbulent � uctuation quantity

I. Introduction

L ARGE-SCALE � re scenarios commonly involve multiple
combustion sources interacting with a nonstationary atmo-

sphere. Examples include the burning of oil spills on water,1 ur-
ban mass � res,2 and a variety of industrial accidents. The multiple
plumes distribute combustion products over large areas while the
plume interactions can produce strong aerodynamic forces. These
interactions can have unexpected results on the containment of air-
borne material. The mixing promoted by the large-scale plume
vortex structures can transport combustion products to areas that
would not have been covered by a single plume produced by a � re
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whose heat output equals the sum of the multiple � res. This paper
investigates multiple � re plumes to arrive at a better understanding
of these phenomena. The mathematical model used in this investi-
gationoffers increasedrealismover previousintegralmodels that do
not adequately describe � re-induced buoyancy forces. The model
is designed to produce high-resolutionsimulations of the mixing in
the transition region where the smoke transport goes from a � re-
induced to an atmospheric turbulencedominateddomain. The class
of problems considered excludes � res large enough to alter the pre-
vailing atmosphere; it allows for � res suf� ciently strong to interact
with each other and to have local atmospheric in� uence.

There have been two approaches to modeling wind-blown
multiple-plumescenarios:integralmethods, which reduce the prob-
lem to a set of ordinary differential equations to be solved either
numerically, with an approximate expression, or with an empirical
� t, and � eld models based on the partial differential equations of
motion, requiring computational � uid dynamics (CFD) techniques
for solution.IntegralmethodsbasedonGaussianpro� les that evolve
along curved center-line coordinates are by far the most common
ways used in the past to model the problem of interest.

Multiple-plume integral models can be sorted into three cate-
gories. The � rst, termed a resultant plume model, substitutes a
single, equivalent plume, which conserves important but not uni-
versally agreed on physical quantities such as mass � ux, thermal
energy � ux, and mechanical energy � ux for a set of plumes. Ref-
erences 3–6 take this approach. The second category can be de-
scribed as a corrected, overlapping plume model. In this approach,
plume pro� les are superimposed, taking pertinent � ow properties
and source distributions into account without accounting for the in-
dividual plume’s ability to entrain the other. References 7–11 used
zone modeling to describe the different stages of multiple-plume
evolution. Wood and associates12– 14 use superposition with local
corrections.The KUMULUS model15 ;16 employs an elaboratecon-
glomeration methodology for plumes within a certain distance of
each other and then sums over these combinations to obtain con-
centrations at a point. The third category, called a merging plume
model, attempts smoothplume interactionuntil independentor fully
merged plumes are attained. Wu and Koh17 provided an example.

All of these approaches suffer from the inability to describe the
plume shapes in regions where interaction is occurring. Further-
more, many integral models, such as KUMULUS,15 ;16 are limited
to two-dimensional calculations in a speci� ed vertical plane that is
parallel to the wind. Attempts to accountfor more realisticscenarios
lead to greaternumericalcomplexityand to application-speci�c tun-
ing or calibration as well. Hence, their predictive power is limited.

Because attempts at greater realism lead to integral models that
are only tractable numerically, the rapid improvements in comput-
ers and CFD techniques have made models based on the underly-
ing � uid mechanical equations the preferred approach. Although it
seemswithin the capabilitiesof published� eldmodels to addressthe
multiple-plumeproblem,this emphasisappearsnot to havebeenpur-
sued to date. The analysis presented here is based on extensions of
the numericalwork in Refs. 18 and 19 for singleplumes such as that
shown in Fig. 1. The same governing equations were solved using
a different numerical approach by Ghoniem et al.20 and Zhang and
Ghoniem,21 – 23 who strongly emphasized vortex dynamics studies
but have not extendedtheir approach to multiple plumes. This paper
focuses on particulate dynamics in a multiple-plume environment.

The goals of the present effort are to introduce the numerical
model and to use it to study the effects of multiple-� re-plume in-
teractions. In Sec. II, the assumptions behind this model are stated.
The resulting governing equations are presented.Scaling appropri-
ate for multiple-plumescenarios is introduced.These derived char-
acteristic quantities are used to nondimensionalize the governing
equations, preparing the mathematical model for numerical inte-
gration. In Sec. III, the techniques used to solve the equations are
discussedalong with the associatederror estimates. The CPU times
for different resolution runs is presented. The physics of the sin-
gle plume used for the benchmarking studies is also described. In
Sec. IV, two-plume interactions are considered in detail. The an-
gle and the nondimensional separation distance between introduc-
tion points suf� ce to characterize the interaction of two plumes of
equal � re strength. Criteria for independentplumes are established.

Comparisons with an equivalent single plume are made. In Sec. V,
three-plume and eight-plume examples are presented to illustrate
the rich and unusual dynamics available from multiple-plume sce-
narios. Implications from these examples to actual applications are
discussed.

II. Mathematical Model
The steady-stateequations that describe the plume dynamics are

based on the Boussinesq form of the Navier–Stokes equations.The
prevailing windward component of the velocity is replaced by a
constant ambient wind. The crosswind components are subject to
slight variations characteristic of atmospheric turbulence. This ap-
proximation is widely used in the study of aircraft wake dynam-
ics that have many features analogous to those described here. Af-
ter these simpli� cations, described in more detail next, the three-
dimensional, steady-state system of equations becomes equivalent
to a two-dimensional, time-dependent system. It can now be char-
acterized as an initial value problem in which the initial solution
is prescribed in a plane perpendicular to the direction of the pre-
vailing wind. This initial plane is taken to be a few � re diameters
downwind of the � re. The simpli� ed equationsresulting from these
assumptions can be solved in suf� cient detail to resolve the plume
rise down to a length scale in the range of 10 m within a domain
several kilometerson a side.This is suf� cient to capture the entrain-
ment of air into the smoke plume and to describethe plume rise over
� at terrain, as is shown in Fig. 1.

The Boussinesq approximation assumes that, several diameters
downstream of the � re, the induced temperature and density differ-
ences are a small fraction of their ambient ground-level values.24

The pressure is divided into a hydrostaticterm p0 and a � re-induced
perturbation term Qp, such that

p.x; t/ D p0.z/ C Qp.x; t/ .1/

Likewise, the temperature and density � elds are decomposed into

T .x; t/ D T0.z/ C QT .x; t/; ½.x; t/ D ½0.z/ C Q½.x; t/ .2/

The ambientpressureand densityare related throughthe hydrostatic
condition

dp0

dz
D ¡½0g .3/

and the temperatureanddensityperturbationscan be related through
the equation of state taken in the small disturbance, low-Mach-
number form appropriate to this problem:

½ ¡ ½0

½0

D ¡
T ¡ T0

T0
.4/

The most importantconsequenceof this form of the equationsis that
the convective derivative of pressure in the energy equation is ap-
proximated as dp0=dt ¼ w dp0=dz. This simpli� cation and Eq. (4)
eliminate acoustic waves from the solution. The prevailing wind is
aligned with the positive x axis, and the streamwise diffusion is
ignored. The crosswind velocity components (v; w) lie in the y–z
plane normal to the direction (x) in which � ows the uniform ambi-
ent wind U1, as is shown in Fig. 1. The simpli� ed equations are 1)
conservationof mass (incompressibility):

r ¢ u D 0 .5/

2) conservationof momentum:

½1 U1
@u
@x

C .u ¢ r/u C r Qp ¡ Q½g D ¹r2u .6/

and 3) conservationof energy:

½1cp

³
U1

@ QT
@ x

C u ¢ r QT
´

¡
³

dp0

dz
¡ ½0cp

dT0

dz

´
w D Pq C kr2 QT

(7)

The eddy viscosity ¹ and thermal conductivity k are based on the
grid spacing. They represent the effects of subgrid-scalemixing in
the model. As such, their magnitude is directly related to the spatial
resolution employed in the simulations. This role is discussed in
more detail in Sec. III.
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Perspective view

Side view

Top view

Fig. 1 Three views of a single 1-GW � re plume demonstrate the formation and breakup of the counter-rotating vortex pair: M = 5 kg/s, n = 30;000,
U 1 = 6 m/s, ¾µ = ¾Á 1 = 5 deg. The overlapping surfaces in each view correspond to surfaces of constant concentration with (light, medium, dark)
gray = (150, 1000, 5000) ¹g/m3.
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The required information about the � res is the total convective
heat release rate Q, the total particulate mass � ow rate M , and the
displacements s, which describe the distances between � res. The
initial temperaturedistributionin the plume cross section is assumed
to be Gaussian and to satisfy the integral

1

¡1

1

0

½1cpU1 QT dz dy D Q D
n f

i D 1

Q i .8/

The particulatematter is considereda passive scalar and thus has no
effect on the hydrodynamic scaling or calculation. The role played
by s is covered in Sec. IV.

The scalingof thegoverningequationsis basedon the net strength
of the � res, the strati� cation of the lower atmosphere, and the mag-
nitude of the prevailingwind.19 The physical length scale in the y–z
plane is given by

L D
³

Qg

cpT1½1U1 N 2
1

´ 1
3

.9/

where L roughly corresponds to the plume rise height. Here, N1 is
the ground-level value of the Brunt–Väisälä frequency N0, de� ned
as N 2

0 D .g=µ0/.dµ0=dz/ D .g=T0/.dT0=dz C g=cp/. The windward
spatial coordinate x is replaced by a pseudotemporal coordinate:

t¤ D .N1=U1/x .10/

The velocity of the air in the crosswind plane is scaled by

V D N1 L .11/

The approximationsused to generate the simpli� ed parabolic equa-
tions can be regardedas the result of a formal asymptotic expansion
based on the relative smallness of V=U1. A domain of height L
would chop off the top half of the plume (because the rise height
is an average quantity) and therefore an adjustable scale factor f is
used to ensure that the top edges of the plumes are containedwithin
the simulatedphysicaldomain. Now the computationallength scale
f L and velocity scale f V are used to de� ne dimensionless cross-
wind spatial coordinates (y¤; z¤) and velocities (v¤; w¤) as follows:

.y; z/ D f L.y¤; z¤/; .v; w/ D f V .v¤; w¤/ .12/

The nondimensional temperatureperturbation QT ¤ and pressure per-
turbation Qp¤ are de� ned, respectively, as

QT D
f Q

cp½1Umax L2
QT ¤; Qp D ½1 f 2V 2 Qp¤ .13/

Finally, the turbulent Reynolds and Prandtl numbers are

Re D
f 2½1V L

¹
; Pr D

¹cp

k
.14/

The dimensionless form of the conservation laws are now given
as 1) conservation of mass (incompressibility):

@v¤

@y¤ C
@w¤

@z¤ D 0 .15/

2) conservationof momentum:

@v¤

@t¤ C v¤ @v¤

@y¤ C w¤ @v¤

@z¤ C
@ Qp¤

@y¤ D
1
Re

³
@2v¤

@y¤2
C

@ 2v¤

@z¤2

´
(16)

@w¤

@t¤
C v¤ @w¤

@y¤
C w¤ @w¤

@z¤
C @ Qp¤

@z¤
¡ QT ¤ D 1

Re

³
@2w¤

@y¤2
C @2w¤

@z¤2

´

(17)

and 3) conservationof energy:

@ QT ¤

@t¤
C v¤ @ QT ¤

@y¤
C w¤ @ QT ¤

@z¤
C N 2¤

w¤ D 1
RePr

³
@2 QT ¤

@y¤2
C @2 QT ¤

@z¤2

´

.18/

subject to the initial conditions

v¤.y¤; z¤; t¤ D 0/ D w¤.y¤; z¤; t¤ D 0/ D 0 (19)

QT ¤.y¤; z¤; t¤ D 0/ dy¤ dz¤ D 1
f 3

(20)

Initially, the crosswindvelocity componentsv and w are assumed to
be zero,althoughthisassumptionis not restrictive.No-� ux, free-slip
boundary conditions are prescribed at the ground, consistent with
the assumed uniformity of the prevailing wind and the resolution
limits of the calculation.The perturbation temperature and pressure
have zero normal derivative at the ground and zero value at all
otherboundaries.The scalinglaws displayexplicitlythedependence
of all physical variables on the total � re strength Q and ambient
wind speed U1 for a given atmospheric strati� cation and � rebed
geometry. Thus, computations performed for a � xed value of the
parameterscanbe readilyreinterpretedas thosequantitiesarevaried.
The preceding solutions to the Boussinesq equations are inherently
time-averaged.

The smoke transport is calculated by transporting Lagrangian
particles through the calculated velocity � eld. Their locations are
distributed onto the computational grid to arrive at a concentration
� eld suchas that shownin Fig. 1. As the smokespreadsfartherdown-
wind, it goes from a regime governedby � re plume dynamics to one
of essentially random atmospheric � uctuations. The trajectories of
the Lagrangian particles used to represent the smoke particulate are
randomly perturbed from their mean paths to mimic these spatial
and temporal � uctuationsof the wind and its underlyingturbulence.
Speci� cally, the motion of each particle is governed by the mean
wind � eld (u; v; w) plus a perturbation velocity � eld (u 0; v0; w0)
that represents the random temporal and spatial variations of the
wind. For this study, it is assumed that u D U1 and that u 0 D 0. At-
mospheric turbulence is described by the measured angles ¾µ and
¾Á . A tabular classi� cation of atmospheric turbulence is given by
Pasquill.25 This table may be used to arrive at estimates for ¾µ and
¾Á . (Reference 26 contains a discussion of these parameters and
methods of evaluating them.) The angles ¾µ and ¾Á may be inter-
preted as averaged over a time period of 10 min to 1 h. They in turn
are used to describe the crosswind � uctuations: ¾v DU1 sin.¾µ /,
¾w D U1 sin.¾Á/. The remaining perturbationvelocity components
are derived from the following recursive relations25;27:

v 0.t C ±t/ D Rv.±t/v 0.t/ Cv 00; w0.t C ±t/ D Rw.±t/w 0.t/ Cw00

(21)

Rv.±t/ D e¡±t=¿v ; Rw.±t/ D e¡±t=¿w (22)

v 00 D FN 0; ¾v 1 ¡ R2
v ; w00 D FN 0; ¾w 1 ¡ R2

w
(23)

The double-primedterms are randomvariableswith Gaussiandistri-
butions of zero mean whose variances are those of the perturbation
velocities’ variances multiplied by (1 ¡ R2

v
) and (1 ¡ R2

w
), respec-

tively, ensuring that the variance of each velocity component will
not change from one time step to another. The ¾ 2

v and ¾ 2
w are the

variances of v 0 and w0, respectively. The functions Rv and Rw are
Lagrangian correlation coef� cients taken as exponentials. The pa-
rameter ¿ is indicative of the period of atmospheric � uctuations28:
¿v D 300 s and ¿w D 100 s in this study.

Usually, the smoke plume resides mainly in what is referred to
as the planetary boundary layer, also called the mixing layer, where
the atmosphere is directly in� uenced by the presence of the Earth’s
surface.The depthof this layercan vary fromroughly50 m to several
thousand meters. Within it, the interaction of the complex terrain,
solar heating, and surface friction creates a turbulent wind � eld, to
which the solution of the preceding equations may be considered a
time average. The values of the wind � uctuation parameters from
Ref. 25 are appropriate within this mixing layer. However, it often
happens that the smoke plume, because of the tremendous thermal
buoyancy, will penetrate the top of the mixing layer. When this
happens, the plume is subject to far less randomor turbulentmotion.
As a result, the magnitude of the vertical wind � uctuations used in
the model are reduced from their ground level value ¾Á1 for those
particles that penetrate the top of the mixing layer.
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III. Numerical Methods
Finitedifferencesona staggeredgridareused to discretizethepar-

tial differential equations of motion. A second-order Runge–Kutta
schemewith variablestepsize is used to advancethe discretized� eld
variables and to transport the particulate. The solution of a Poisson
equationis requiredto determinethe pressurefor each Runge–Kutta
update to ensure the conservationof mass.

Each plume is introducedas an initial distributionof positivetem-
peraturedifferenceand of particles in the y–z plane. As the solution
is being marched forward in the x direction, new plumes are in-
troduced when the solution reaches each plume’s introductory y–z
plane. Note that all of the multiple plume dynamics are a conse-
quence of the numerical solution of the governing equations. No
changeswere made to the model equations,and no superpositionof
single-plume solutions is used.

The energy equation is initializedby prescribingthe perturbation
temperature pro� le in the y–z plane a few � re diameters downwind
of each� re. In theabsenceofmeasuredinput data,a Gaussianpro� le
just downwind of each � re can be used subject to the condition that

J

j D 1

K

k D 1

QT ¤0
jk ±y¤±z¤ D

1
f 3

.24/

Numerical studies con� rm that the downwind dispersion pattern is
notvery sensitiveto the choiceof these initialparameters.The width
of each initial plume cross section can be taken to be roughly that of
the corresponding� re. The boundaryconditionsfor the perturbation
temperature are adiabatic at the ground and zero at the other three
edges of the computationaldomain.

To facilitate the numerical solution of the equations, the momen-
tum equations are rewritten as

@v¤

@t¤ ¡ w¤! C
@H¤

@y¤ D ¡
1

Re

@!

@z¤

@w¤

@t¤ C v¤! C @H¤

@z¤ ¡ QT ¤ D 1
Re

@!

@y¤

The term ju¤j2=2 has been combined with the perturbation pres-
sure Qp¤ to form a total head H¤ D ju¤j2=2 C Qp¤. The vorticity vector
! D r £ u reduces to a scalar ! ´ !x because of the uniform � ow
in the downwind x direction.Free-slip conditions are prescribedfor
the tangential component of the velocity at all boundaries, consis-
tent with the uniform wind assumption and spatial resolutionof the
grid. The boundary condition for the normal componentof velocity
is associated with the boundary condition for the pressure and is
described in the next section. The initial velocity � eld is zero.

This model is a large eddy simulation (LES) with a simple sub-
grid model.For LES, theeffectof turbulencefromstructuressmaller
than the � nestnumericalgrid resolutionmust be modeled,usually in
the form of an expression for the eddy viscosity¹. In this work, the
simplest possible model ¹ / .±z¤/2 is used. This is consistent with
more involved expressions29 for ¹ and ensures that the Reynolds
number based on the eddy viscosity is proportional to the number
of grid cells in each cross� ow plane. Thus, the ratio of maximum to
minimum resolved length scales is proportional to Re1=2 , in accor-
dancewith the mathematicalstructureof the two-dimensional,time-
dependent, Navier–Stokes equations. The spirit of this approach is
to emphasize high spatial resolution instead of advances in subgrid
modeling.

The variable time step ±t¤ is based on the Courant–Friedrichs–

Lewy (CFL) condition

0 < max
i j

±t¤ v¤
i j ±y¤; w¤

i j ±z¤
1

< "CFL < 1 .25/

where "CFL is a tolerance chosen by the user. This condition guar-
antees that a particle in the � ow cannot travel more than the width
of a grid cell in a single time step.

Before the velocity components can be updated, it is necessary
to determine the gradient of the total head. Taking the divergence
of the momentum equations in the vector-invariantform

@u¤

@t¤
C F¤ C rH¤ D 0 .26/

where F¤ denotes the nonlinear convection, buoyancy, and dissipa-
tive terms, yields a Poisson equation for the total head:

r2H¤ D ¡r ¢ F¤ .27/

The incompressibility condition [Eq. (5)] eliminates the pseudo-
time derivative of the velocity because the divergence is zero. In
discretized form, this Poisson equation for the total head is solved
with a very ef� cient direct Poisson solver that exploits the uniform
griddingof the computationaldomain throughthe use of fastFourier
transforms.30 The boundary conditions for this elliptic equation are
mixed. At the ground, the vertical component of velocity w¤ is
zero. At the top and side boundaries, the pressure is assumed to be
at its ambient value; thus the perturbation pressure is assumed to
be zero. Applying the steady-state form of Bernoulli’s theorem, the
total head H¤ does not changealongstreamlines.Thus, for outgoing
� ow, H¤ D ju¤j2=2, and for incoming � ow, H¤ D 0.

As the velocity � eld evolves in the crosswind plane, the trajecto-
ries of the Lagrangian particles that are used to represent the par-
ticulate matter are computed. The particles are introduced into the
� ow at the start of the calculation and advected with the induced
� ow, given by the velocity � eld (U; v C v 0; w C w0/. The particu-
late distributionis initializedas a randomdistributionof ni particles
for the i th plume contained within an ellipse of semiaxes (¯yi ; ¯zi ),
satisfying the integral

1

¡1

1

0

½pU1 dz dy D M D
n f

i D 1

Mi .28/

The number of particles originating from the i th plume is n i D
n p Mi =M . The quantity ½p is nondimensionalized:

½p D . f M=U L2/½¤
p .29/

so that Eq. (28) is now nondimensionalizedsuch that

J

j D 1

K

k D 1

½¤
p; jk ±y¤±z¤ D

1
f 3

.30/

The total mass delivered to any cell is given by the summation of
themassesof all particlesthatpasswithinonecellwidthof thecenter
of said cell. The particulate density of jkth cell may be expressed
as the sum of the contributions of all particles in its neighborhood
such that

½¤
p; jk D .1 ¡ ry¤ /.1 ¡ rz¤ /

1= f 3

n±y¤±z¤ .31/

where n is the total numberof particlesrepresentingthe plume cross
section and ry¤ and rz¤ are the lateral and vertical distances from the
cell center, expressed as fractions of the cell dimensions.

Numerical experiments are carried out to quantify the errors and
costs associated with this method. For these experiments, a single
500-MW � re producing smoke at 2.5 kg/s is used. Fifteen thousand
Lagrangian particles are used to track the smoke trajectory. The
initialparticledistributionin the y–z planeis circularwith a diameter
of 80 m, the atmosphere is linearly strati� ed at ¡5±C, f D 5, and
the prevailing ambient wind is 6 m/s. The atmospheric dispersion
angles are zero in both the y and the z directions.

At each computationalx location, the perturbationtemperature QT
is integratedacross the half-planef[ymin; 0]; [0; zmax]g and is then di-
videdby the area of the half-plane.The same is done for the � rst two
temperature moments, y¤

QT ¤ and z¤
QT ¤ . The results are shown in Fig. 2

for successively re� ned grids. At each successive grid re� nement,
the Reynoldsnumber is quadrupled.Richardsonextrapolationis ap-
plied to the two most re� ned grids. This � nal curve represents the
best estimate of the continuous solution to the model equations as
Re ! 1. Note that convergence only has meaning for some kind
of averaged quantities, of which those displayed here are but three
of the many possibilities. Pointwise convergence for such highly
unstable � ows is probablya fruitlesspursuit because the re� nement
exercise will resolve more and more of the � ne eddy structure.

The preceding calculations were done in double precision and
proceeded up to x D 5:9 km (i.e., x¤ D 5). The 512 £ 256 resolu-
tion case had Re D 8 £ 104 and required 798 steps and 17.5 MB
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Half-plane total temperature

z-temperature moment

y-temperature moment

Fig. 2 Integrated perturbation temperature and the y and z moments demonstrate convergence as the computational grid is re� ned. The curve
labeled “R.E.” is derived by performing Richardson extrapolation on the two most re� ned curves.

of memory to run to completion in 13 min on an SGI workstation
with the R10000 CPU. For 256 £ 128, Re D 2 £ 104 , 330 steps were
taken and 9.7 MB were used in 1.9 min on the same hardware. For
the coarsest case of 128 £ 64, which had Re D 5 £ 103 , 149 steps
were taken and 6.1 MB were used in 0.49 min. Validations for this
approach were published in Ref. 19.

The parabolic approximation makes this model ideal for predict-
ing concentrations far downwind of the � re. The counter-rotating
vortex pair, which causes the plume to rise and has a pronounced
effect on particulate concentration pro� les, is resolved by this ap-
proach, and it is the dominant � uid mechanical feature [O(1 km)]
downwind of the � re.

The presentapproachallowsforhigh resolutionin each y–z plane.
It only resolvesone component of vorticity in the x direction.How-
ever, because the solution evolves in the x direction, so does the
x component of vorticity. This is suf� cient to allow the plumes to
spread and to allow each plume’s vorticity pro� les to interact with
that of others in close enough proximity.

A demonstration of this model’s capabilities follows. A single
plume is presented that will serve as the prototype for the dual-
plume simulations covered in the next section. It is generated by
a 1-GW � re producing smoke at 5 kg/s. The concentration � eld is
representedby 30,000 Lagrangian particles.The initial particle dis-

tribution in the y– z plane is circular with a diameter of 120 m, the
atmosphere is linearly strati� ed at ¡5±C, f D 4, and the prevail-
ing ambient wind is 6 m/s. The atmospheric dispersion angle is a
constant 5 deg in the y direction and in the vertical ¾Á1 D 5 deg.
Three views of this single � re plume are given in Fig. 1. Surfaces of
constant concentration,which are the three-dimensionalanalogs of
contours, highlight three different concentrationvalues. The outer-
most value, ½p D 150 ¹g/m3 , corresponds with the maximum safe
limit of smoke concentration. It is denoted in light gray. The other
two concentrationlevels, 1000 and 5000 ¹g/m3, were chosen so as
to reveal internal plume structures. The resolution for this calcula-
tion in the y–z plane is 512 £ 128 points, or 65,536 cells. This gives
a little less than a 10-m resolution limit in the y and z directions.As
was explained in Sec. III, the updated positions of each Lagrangian
particle are distributed onto the grid to resolve the concentration
� eld. Figure 1 conveys the complete resolution of the numerical
calculation. Comparing the interior of the plume with the bound-
ary illustrates how increasing the number of particles provides a
smoother, i.e., less streaky, concentration � eld.

Physically, a counter-rotatingvortex pair is formed that lofts the
plume up to a stable altitude and corrals most of the particulate into
two tubes. Once the plume reaches a stable altitude, attempts by
the vortices to move denser air to higher altitudes (of lower density
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Fig. 3 Ground-level concentration yielded by 30,000particles from a 1-GW plume emitting at 5 kg/s passing through a §§ 5-deg disturbed atmosphere
produces substantial ground-level deposition that begins to drop off after x = 15 km.

Fig. 4 Average height pro� le Zavg stays exactly in between the two plumes because sx = 0: sy = 1 km, Qi = 500 MW, Mi = 2:5 kg/s, ni = 15;000, U 1 = 6
m/s, ¾µ = ¾Á 1 = 5 deg, (light, medium, dark) gray = (150, 1000, 5000) ¹g/m3 .

� uid) are countered by negative buoyancy forces. The effect is the
same as before but in reverse: when the denser � uid packets move
up into less dense strata, vorticity of the opposite sense is formed,
slowly killing off the effects of the counter-rotatingvortex pair. As
the zones of vorticity concentrationare dispersing, the background
wind � uctuations begins to dominate the � ow. This not only re-
leases particulate from the con� nes of the high density tubes but
it also brings particulate to the ground. The ground-level deposi-
tion is shown in Fig. 3. Comparisons of ground-level deposition
predictions with large-scale experiments can be found in Ref. 19.

IV. Two-Plume Interactions
One of the great temptations in multiple-plumeanalysis is to treat

such a scenario as a superpositionof single plumes. Closely tied to
this is the concept of independence.Plumes are usually considered
to be independent if their � uid and thermal � elds essentially do
not overlap. Plumes not satisfying this criterion are usually lumped
into a larger, superplume that is otherwise indistinguishable from
a single plume. Although independent plumes do behave like two
singleplumes, two interactingplumeshavemarkeddifferencesfrom
a lumped single plume.

Unless otherwise stated, each individual plume shown in this pa-
per will be the consequenceof a 500-MW � re producing smoke at
2.5 kg/s. Each plume’s smoke concentration � eld is represented by

15,000 Lagrangian particles. To avoid having the plethora of possi-
ble input parametersobscure the � re plume dynamics, the following
simpli� cations are imposed: The initial particle distribution in the
y–z plane is circular with a diameter of 60 m, the atmosphere is
linearly strati� ed at ¡5±C, f D 4:25, and the prevailing ambient
wind is 6 m/s. The wind � uctuations are a constant 5 deg in the
y direction, and in the vertical ¾Á1 D 5 deg.

A quantitative analysis of two interacting plumes is presented in
this section.The particles are used to derive three importantmetrics
for quantifying plume dispersal. The average height is described as

Zavg.x/ D
n

i D 1

Z p;i .x/=n .32/

where Z p;i is the heightof the i th particleat x . The Zavg is analogous
to the plume rise for a single plume or the averaged plume rise of
multiple plumes. The spread in the two crosswind coordinates are

¾y.x/ D
n

i D 1

[Yp;i .x/ ¡ Yavg.x/]2 n (33)

¾z.x/ D
n

i D 1

[Z p;i .x/ ¡ Zavg.x/]2 n (34)
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Perspective view

Side view

Top view

Fig. 5 Three views of two � re plumes started 325 m apart in the y–z plane yielded a max(Zavg) of 0.55 km under calm conditions (¾µ = ¾Á 1 = 0). The
results shown here are for ¾µ = ¾Á 1 = §§ 5 deg, Qi = 500 MW, Mi = 2:5 kg/s, ni = 15;000, U 1 = 6 m/s, and f = 4:35.
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a) x = 0

b) x = 350 m

c) x = 1900 m

d) x = 3400 m

Fig. 6 Four cross sections at x = (0, 350, 1900, 3400) m of the La-
grangian particle locations for the two � re plumes shown in Fig. 5,
where the particles of the left plume are colored gray and those of the
right black, demonstrate how the interaction of the two inner vortices
coupled with the dispersion provided by the atmosphere lead to dense,
well-mixed concentration levels above the x axis that cover an area in
the y–z plane of about 1 km2 at x = 3:4 km.

The two components of the plume separation vector s serve as the
independent variables for the � rst parametric study, whereas the
suprema of the metrics de� ned in Eqs. (32–34) are used to de-
scribe the effects of the interactions.As shown in Fig. 4, two plumes
will be situated at different s displacements in the x – y plane and
quantities such as max(Zavg ) are recorded for each con� guration.
Based on an extensive search through the (Q1; Q2; sx ; sy ) param-
eter space resulting from 1080 runs, initial con� gurations are cho-
sen that demonstrate some of the more dramatic aspects of dual
plume interactions. Two plumes are started side by side (sx D 0)

a) x = 0

b) x = 350 m

c) x = 2900 m

d) x = 3900 m

Fig. 7 Four cross sections at x = (0, 350, 2900, 3900) m of the La-
grangianparticle locations show that two � re plumes started 1 km apart
in the y–z plane interact weakly once the inner concentration cores make
contact because each plume has reached a stable height and their vor-
ticity � elds are on the wane.

with a separation of sy D 325 m at the same altitude of 120 m with
all other parameters as de� ned in the preceding paragraph. In this
setup, the destructivevortex interactionsof the two inner structures
yielded the lowest max(Z avg/ D 0:55 km of any side-by-side case
for a calm atmosphere. Randomly perturbing the particles leads to
max(Zavg/ D 0:79 km. The present con� guration is still of interest
because the low plume rise was caused by the interaction of the
vortices arising from the deterministic calculation. Comparing the
side view in Fig. 1 with that in Fig. 5 shows that the atmospheric
disturbanceswere able to disperse particulate that was freed by the
contact of the inner smoke concentrations, raising the plume edge
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Perspective view

Side view

Top view

Fig. 8 Three views of two 500-MW � re plumes started 500 m apart in the x–z plane demonstrate how the additive interaction of vortices leads to
increased plume rise.
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Perspective view

Side view

Top view

Fig. 9 Starting two plumes at (x; y) = (0; ¡¡ 0:19) and (0.28, 0.19) km breaks some of the symmetries evident in the preceding examples.
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beyond the level attained by one plume. The top view in Fig. 5
shows that, as a consequence of the interaction of the two inner
smoke cores, there is a new entity that was absent from the single-
plume case; there is a new region of high concentration directly
above the x axis. The utility of graphical visualization of surfaces
of constant concentration is that interior plume structures can be
resolved that in actualitywould be obscuredby the plume edge, i.e.,
the ½p D 0 surface. Judging by the outward appearance only, the
only possible conclusionis that the two plumes have combined into
a single plume identical to its parents. The inner structure revealed
by the surfaces of constant concentration demonstrates that this is
not the case. To elucidate this point further, four slices at different
x planes are shown in Fig. 6. At x D 350 m it can be seen that
the two outer vortices are causing the inner ones to rise to higher
heights. This mechanism accounts for the increased concentration
levels at altitudes higher than those producedby a single plume. By
x D 1900 m, the plumes have reached a stable rise height and the
particulate is being dispersed by atmospheric mixing. The slice for
x D 3400 m once again shows how atmosphericmixing can, among
other things, cause particles to mix out of the plume. These plumes
are interdependent.

If the same two plumes are started 1 km apart in the y direction,
as is shown in Fig. 4, minimal vortex interaction occurs in the y–z
plane. As the cross sections in Fig. 7 demonstrate, the distantvortex
pairs exert modest in� uence on the particles.From the point of view
of vortexdynamics,these two plumesare independent.The potential
� eld is responsiblefor the tiltingof each plume pair shown in Fig. 7c
because the potential � eld, which asymptotically behaves like the
potential kernel, decays less rapidly than the rotational � eld (which
is asymptotic to the heat kernel). The greater separation provides
for overall lower concentrations throughout the domain occupied
by the two plumes. Once the two pro� les touch, a region of denser
particulate concentration forms above the x axis, yielding sizeable
tracts of smoke cover. Figure 4 also shows that, because of the
substantialseparationof the � res, greater area is covereddownwind
by the twin plumes once their edges meet.

If instead the two plumes are initialized in the x– z plane, then a
different set of consequences occur. For this example, two plumes
are startedin linewitha separationof 500m with all otherparameters
as de� nedbefore.This con� gurationachievedthehighestmax(Z avg)
with and without atmospheric dispersion. The top view in Fig. 8
shows that, at this proximity, the second plume entrains the � rst,
producing two regions of high particulate concentration. This is a
� ne example of plume merging, where the resulting plume bears all
of the characteristics of the individual plume. Their proximity and
alignment also allow the plume farthest downwind to augment the
overall plume rise height, pushing substantial quantities of smoke
beyond the height of 1 km.

Although the preceding examples help to introduce some of the
features of multiple-plume dynamics, the symmetric alignments
used to obtain them are rarely evident in the � eld. If two plumes are
started at .x; y/ D .0; ¡0:19/ and (0.28, 0.19) km, such as is shown
in Fig. 9, a combination of the effects evidenced in the preceding
sections is evident. This layout was chosen because it yielded the
lowest max(Zavg ) under calm conditions .¾µ D ¾Á1 D 0). Concen-
trations along the y-normal plane where the two plumes � rst touch
are still augmented but, because the circulation in the left plume is
stronger at the time of contact, particulate from the right plume gets
swirled into the interior of the left plume. This outcome is a mixture
of the swirling about vortex cores seen in the sy D 0 case (Fig. 8)
with the intersectionof inner concentrationstructurescharacteristic
of an sx D 0 case (Fig. 5). Generalizations or extrapolations based
on plumes started in planes that are normal or orthogonal to the
prevailing wind direction can at best yield a limited, if somewhat
still useful, understanding of interactions between plumes in arbi-
trary arrangements. These guides become increasingly fallible as
the number of plumes is increased, as is demonstrated in the next
section.

V. Multiple-Plume Scenarios
Changing the problem to three plumes with a symmetric trian-

gular initial layout such that .x; y/ D (100, 0), (0, ¡300), and (0,

a) x = 1:5 km

b) x = 2:5 km

Fig. 10 Particulate distribution for three � re plumes started at
(x; y) = (100; 0); ( ¡¡ 300; 50), and (300, 50) m demonstrates how vortex
interactions can radically rearrange the smoke concentration � eld. The
medium-gray particles, which correspond to (x; y) = (100, 0), end up
concentrated near the edges of the multiple-plume distribution.

300) m can yield consequences dissimilar from those encountered
in the two-plume examples. In Fig. 10a, the center plume has been
entrained by the two outer plumes, leaving the area above the x
axis with low concentrations. The shearing occurring from these
vortex interactions � attens the particulate from the center plume.
By x D 2:5 km (Fig. 10b), the shearing and entrainmenthas brought
the material from the center plume to the outer edges of the plume
conglomeration and the process of mixing because of swirling is
underway. The distinction that what was originally in the middle
is now located near the outer edges of two outer plumes may not
matter much if the three plumes contained the same type of smoke.
However, if the particulate in the center is of a different composi-
tion than that in the wings, the assumption that the material in the
middle would stay in the middle is incorrect. Decisions based on
this presumption could lead to unexpected surprises. Furthermore,
if the lateral distance between the two side plumes is increased to
700 m, the vortex interactions are just right to produce two strong
side-jets that travelout the sides of the domain shown in Fig. 10. It is
hard to imaginehow an algorithmbasedon applyingthe particulate-
positioningcharacteristicsof dualplumes three times couldproduce
any of these results.

Mass � re scenarios again further confound the situation. Eight
plumes with no initial ground-level symmetry produce a complex
set of results (Fig. 11). The cover produced by these plumes casts
a shadow over a signi� cant amount of land and it also holds the
prospect of dispersing the smoke over a greater area than would be
covered by one massive plume of strength Q and mass � ow rate
M . The vorticity � elds responsible for all these dynamics (Fig. 12)
display correspondinglyinvolved vortex interaction.With these re-
sults, it is not dif� cult to fathom the source of the unpredictability
exhibited by con� agrations. Although the location of particles is
indicativeof regions of nonzero vorticity, usually the space covered
by the particles does not closely correspond with the domain of
appreciable vorticity, i.e., the particle boundary is strictly not con-
gruent with the vortex core in these instances. Regions of strong
vorticitycan successfullycon� ne the smoke. As the particulatepro-
ceedsdownwind,the diminished� re-inducedvorticitycanno longer
contain the smoke. Here, for all intents and purposes, the � res’ in-
� uences are no longer felt; the dynamics are now solely governed
by the atmosphere.
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Fig. 11 Surfaces of constant concentration for eight 500-MW � re plumes demonstrate the complexity resulting from multiple-plume interactions;
Mi = 2:5 kg/s, ni = 5000, U 1 = 6 m/s, ¾µ = ¾Á 1 = 5 deg, (light, medium, dark) gray = (150, 1000, 5000) ¹g/m3 . These eight plumes are spread over an
area substantially larger than the 10 km2 covered by a single 4-GW � re plume.

Fig. 12 Interactions of the streamwise vorticity � elds for the eight plumes shown in Fig. 11 account for the complex dynamics. Here the light-gray
surface corresponds with ! = §§ 0:05 Hz, and medium gray corresponds with ! = §§ 0:15 Hz.

VI. Conclusion
Traditionalapproachesto determiningmultiple-plumeconcentra-

tions apply superpositionof known particulatedistributions,usually
Gaussian functions.The results presentedhere indicate that the � uid
mechanics strongly in� uences the smoke distribution.Becausemul-
tiple plume interactionsare nonlinear,thedistributionfor particulate
from any single plume in a multiplume scenario can differ substan-
tially from that of just one plume. Hence superposition based on a
standard distribution seems inappropriate.

Buoyancy creates the vorticity that causes the plume rise. Once
density equilibrium has been achieved, the action of vortices to
move denser � uid into less dense layers produces the reverse result,
eventually eliminating the vorticity. This vorticity destruction pro-
cess alone spreads the particulate horizontally at the stable plume
rise height. Hence, the particulate distribution is not indicative of
regions of high vorticity for the whole range of the problem. The
best correlation between the two occurs while the vortex strengths
are increasing. This correspondence decreases once the point of
maximum buoyancy-induced vortex strength is passed. Once the
vortex strengths begin to die down, the process of atmospheric dis-
persion dominates the � ow. Atmospheric dispersion on its own can
spread the smoke downwind. It, however, cannot cause the smoke

to rise uniformly to a stable altitude. The plume rise is clearly the
effect of the buoyancy. However, background atmospheric motion
can mix particulate to the ground, making it an important agent in
ground-level smoke deposition.

Multiple-� re-plume interactions can move particulate to unex-
pected places downwind, making the straightforwardextrapolation
of the elements of any particular individual plume based on its ini-
tial positionan inaccurateproposition.It has beendemonstratedthat
multiple-plume interactions can push particulateup to altitudes ex-
ceedingany singleconstituentplume’s capability.Once thevorticity
diminishes, the atmosphere can produce well-mixed smoke distri-
butions more in tune with the predictions of classic plume models.
However, the number of plumes and their initial locations control
the downwind distance required to achieve this state. This means
that for possibly several kilometers, the smoke concentration � eld
will have structures that may be to the advantageor disadvantageof
those in this vicinity.
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